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PREFACE

\.
N
The Best Estimate of Trajectory (BET) Seminar was conceived when

the Range Commanders Council Executive Committee and the Data Reduction
and Computing Group (DR&CG) mutually agreed that since the DR&CG had
not formally addressed BET in several years, a reexmaination of this
technique would be worthwhile. The DR&CG membership felt that a
seminar where theoreticians knowledgeable in this area could compare
and contrast BET techniques in use at the various ranges would provide

the best vehicle for bringing new material on this subject to the
surface.

The ‘resulting seminar, which was held on 2 October 1978, was a
valuable exercise. A1l speakers agreed that although theoretical BET
problems were solved years ago, the use of any BET program still re-
quires careful analysis of the model under consideration. Thus,
particular attention must be paid to determining if enough information
is provided to solve the problem at hand and whether the geometry used,
combined with the instrumentation available, will lead to an ill-
conditioned problem. It was noted that BET programs cannot presently
be treated as "black boxes." However, as guidance and weapon delivery
systems become more accurate, the search for instrumentation/computer
systems with comparable accuracies that can be used as a standard
against which to test this sophisticated weaponry becomes increasingly
more challenging. Since BET techniques comprise in most cases the only
method which can be applied to solving such accuracy problems, their
importance is expected to increase appreciably in the coming years.
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NITE - N INTERVAL TRAJECTORY ESTIMATION

C. W. Welsh
RCA, Patrick AFB, Florida

ABSTRACT

NITE is the "Best Estimate of Trajectory' computer program developed
at SAMIEC Det #1 (EIR), Patrick AFB, Florida. NITE is a minimum variance
(weighted least squares) trajectory and error model coefficient estimation
program designed to process tracker and guidance data from single or multi-
ple powered flight and/or free fall trajectories from launch to impact in
a single computer run. Tracking instrumentation may be either earth-fixed
or referenced to moving ships, aircraft and satellites whose trajectories
may also be simultaneously estimated (differentially corrected). The pro-
gram will accept either preprocessed or raw data and will perform a variance
Geodetic Dilution of Precision (GDOP) analysis either as a primary task or
as a byproduct of the trajectorv and error model coefficient estimation.
The variance propagation considers both estimated (modeled) and enforced
(unmodeled) systematic error terms.

NITE has been used to provide trajectory, instrumentation error
model coefficient, station location, ship location, aircraft location,
drag and lift coefficients for a broad class of launch vehicles, reentry
vehicles and satellites such as Minuteman III, Titan III, Polaris,
Poseidon, Trident, Thor-Delta, Atlas-Centaur, Saturn, Pershing, SRAM,
Geos A, Geos B, Pageos, Transit and Echo. It is presently being used
to process data at SAMIEC-Western Test Range (WIR).

NITE was originally written for the IBM 7094 computer in Fortran IV
with a special IBSYS monitor. It has also been modified for operation
on the TIBM 360/65 using a modified OS monitor, and for operation on the
CDC Cyber 74 and CDC 6500 using the NOS monitor.

|
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L. INTRODUCTION

NITE is an acronym used for the N-Interval Trajectory Estimation
computer program to produce the '"Best Estimate of Trajectory' (BET) at
the Eastern Test Range. The N-Interval concept evolved from the desire
to combine several missile and/or satellite trajectories into one solu-
tion to enhance the estimation capability of surveys and/or tracker
error model coefficients. However, most of the BET's produced at EIR
are of the single interval type. Sufficient flexibility has been designed
into the program to allow the use of earth-fixed and/or moving trackers.
inertial and/or earth fixed data, with a wide variety of types of measure-
ments. The locations of all (moving or fixed) trackers may be simulta-
neously estimated (differentially corrected). The input measurements may
be either preprocessed or raw (decoded) data. In the latter case, NITE
will correct data for refraction, transit time, scaling and a compre-
hensive error model. NITE will also perform a Variance or Geodetic Dilution
of Precision (GDOP) analysis as a primary product or as a byproduct of
the trajectory and error model coefficient estimation. The variance
propagation considers both the estimated (modeled) and enforced (unmodeled)
systematic error terms.

NITE's prime task has been to provide trajectory, instrumentation
error model ccefficient, station location, ship location, aircraft location,
1ift and drag coefficient estimates for all major EIR launches. NITE is
also used at WIR.

The mathematical basis for NITE is minimum variance (weighted least
squares) which can be found in most statistics textbooks. References
(2) through (8) contain related discussions of trajectory and error model
coefficient estimation theory. The program document (1) gives a detailed
description of the mechanics of the NITE estimation and error analysis
techniques. Only enough mathematics necessary for describing instrumen-
tation error models and for interpreting results will be presented in
this paper.

o>




The design of NITE is the result of many interacting forces. Primary
among these forces has been the experience gained by EIR personnel in
processing and analyzing data from thousands of missile launches and ;
satellite passes over the past 18 years and in the development of earlier i
BET programs such as BETA, BETY, GLAD, TRAD and TEEM. Another significant
influence in the program's design has been the many requirements and
suggestions from RCA Technical Analysis, PAA Tech Staff, TRW Systems,

The Aerospace Corporation, NASA and from RCA and PAA consultants. Many
similar computer programs developed by other agencies have been studied
for worthwhile ideas applicable to EIR requirements. The programs studied
include those developed by the PAA Tech Staff, The Aerospace Corporation,
JPL, Lockheed, TRW Systems, The Mitre Corporation, and The Wolf Research

and Development Corporation bearing the titles ERAN, ORAN, TRACE, REMP,
TRAP, EMBET, DPODP and MARLOCK.

NITE was originally written for the IBM 7094 computer in Fortran IV
using a special IBSYS monitor. It was later modified for operation on
the IBM 360/65 using a special OS monitor. It has been recently modified
to run on the (DC 6500 and CDC CYBER-74 using the CDC NOS monitor.
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11. THE PURPOSE OF THE NITE PROGRAM

The original purpose of the EIR BET programs was to combine all of
the tracker data from a missile launch to provide the range user with -
better trajectory estimates than those from a single tracker. Although
this is still the primary goal, the BET concept has been extended to
cover many other tasks such as the following:

A. To estimate (differentially correct) multiple powered flight, orbital. |
sub-orbital and reentry trajectories in a single run while simulta- |

neously estimating

1. coefficients of large tracker and inertial guidance instrumen-

tation error models;
2. geodetic locations of earth fixed Crackers;

3. trajectories of shipboard, airborne, and satellite-borme trackers -

4. drag and/or 1lift error model coefficients;

5. geopotential coefficientss
6. impact points;
7. observation (measurement) weights,
8. underwater transponder locations:
/ 9. relative positions and velocities of multiple reentry bodies;

.! 10. other quantities whose partial derivatives can be computed exte:

nally such as
a. missile pitch, roll, yaw and thrust decay coefficients,

b. ship or aircraft pitch, roll, flexure and inertial navigation

coefficients;

25 St el T

c. atmospheric pressure, electron density, temperature, wind

velocity;




d. point mass geopotential terms,

e. second order instrumentation error model terms.

This capability often eliminates the need for developing a special
analysis-type program when a new tracker system or a different physical
phenomenon requires investigation.

To perform a variance (GDOP) analysis for the quantities being estimated
or unmodeled, either as a byproduct of the estimation process or as
a product of a special GDOP run,using theoretical trajectories and

the theoretical trackers. The latter type runs are of value in range
planning.

To provide intersystem data comparisons.
To perform orbital prediction accuracy analysis.

Io show the effect of ignoring selected error model terms during the
estimation process (using unmodeled error analysis).

To apply various constraints on or between quantities being estimated.

To correct measurements for known errors such as refraction, transit
time and erroneous calibrations.




Measurement Types

1.

10.

11.

T
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III. NITE PROGRAM CAPABILITIES

Azimuth position, velocity and acceleration.

Elevation position, velocity and acceleration.

X-Y mount position, velocity and acceleration.

Range position, velocity and acceleration.

Range sum position, velocity and acceleration.

Range difference position, velocity and acceleration.

Inertial guidance position and velocity.

Ballistic camera plate coordinates.

Topocentric and geocentric right ascension and declination.

Earth fixed cartesian coordinate position and velocity components.

Latitude, longitude and height.

Modes of Operation

%

EDIT Mode

Input observations may be compared with a transformed reference
trajectory and may be corrected for most types of systematic
errors. The corrected output of the EDIT mode run may be used
directly as input to an estimation mode run.

ESTIMATION Mode

A minimum variance (weighted least squares) estimate of the

trajectory and error model coefficients is computed from the
input observations. @OPs, residuals and partial derivatives
are byproducts of the estimation mode.
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Coefficients of instrumentation, drag, lift, geopotential, or
other error models may be estimated or may be unmodeled. Un-
modeled is a term used for the process that applies known co-

efficients (not estimated) and propagates a given uncertainty.

SIMULATION Mode

Random and systematic errors may be applied to measurements computed
from a reference trajectory. The output of the simulation mode may
be used as input to estimation or edit mode runs. Thus the ability
of the program to estimate known systematic errors under various
conditions may be estimated.

ORBITAL PREDICTION Mode

Free-fall initial conditions are determined from data during early
satellite passes. The trajectory is then generated and compared
with data acquired on the same satellite many passes later.

GDOP Mode

Only the error propagation features of the program are utilized.
Estimates of variance of the input observations (including a priori
estimates of variance in survey and other error model
terms as well as in instrumentation observations) are transformed
into estimates of variance in the parameters being estimated. The
magnitude of the GDOPs is solely a function of the assumed tra-
Jjectory, the assumed instrumentation combination, assumed random
observation errors and the a priori knowledge of the systematic
error components. The GDOP mode may thus be used to evaluate
hypothetical instrumentation systems operating under hypothetical

conditions.

C. Data Handling

Data may be on either tape or cards or both.

Data may be on one or several files. Tapes will be automatically

rewound if necessary.




0.

Products of terms may be formed. This allows the following
additional partials:

a.

Dynamic lag

Radar mislevel, collimation, nonorthogonality, droop

Tracker survey error terms of several types
(1) Movement of latitude, longitude and weight
(2) Movement of X, Y, Z rectangular cartesian coordinates

(3) Translation only with fixed rotation (for astronomically
oriented systems)

(4) Both translation and rotation

(5) Movement of a central site, with related stations moving

as an array

(6) Base line azimuth, elevation and range from the central site

(7) Combinations of items 1-6, allowing both "external'' and
"internal" survey adjustments

Tracker velocity if on moving aircraft, ship or satellite
(1) latitude, longitude and altitude rates
(2) Heading and speed

Random errors for simulation

The product of a timing error partial and a reinitialization

partial, allowing correction for a timing error that occurs
within a data span.

The products of survey partials and time polynomial partials
allow ship or aircraft movement to be expressed as poly-
nomials in time.

The product of trigonometric functions allowing modeling of
second order radar errors.

The products of values from the input tape and built-in partials
can be used to expand instrumentation error models.

10




4.

The need for estimating a zero set term in free fall can be
eliminated while still considering its effect on the solution
by defining a measurement as a reinitialization type. The
measurement is then defined as a difference between the current
value and the value at the first time the measurement entered
the solution. This feature was designed mainly for long arc
work, but can also be used for SRN-9 system ship location.

E. Free-Fall Long and Short Arc Capabilities

I

Up to n short arc initial conditions may be estimated (where n
is the number of intervals: unlimited for the 7094 version of
NITE, limited to 14 for the 360/65 version and limited to 9 for
the CYBER/6500 version). A long arc (a long arc is defined as
one that extends over more than one interval; see F-2 below)
may be preceded by any number of short arcs or powered flight
trajectories but must be the last arc estimated in the run.

Ten different body types defined by weight, cross-sectional re-
flection area, coefficients of drag, lift and reflectivity may
be handled in one computer run. A drag table (mach number vs
drag coefficient, altitude vs drag coefficient or time vs drag
coefficient) may be applied to each object. Lift tables may

be entered in the same manner. Up to 300 entries are allowed
in each table in the 360/65 and CYBER/6500 versions of NITE.

Any desired geopotential model may be read in on cards. The
maximum size is order 24 degree 24 for the 7094 and 360/65
version and order 30 degree 30 for the CYBER/6500 version.

The 7094 version has 6 built-in geopotential models, the 360/65
version has 21 built-in geopotential models and the CYBER/6500
version has 5 built-in geopotential models.

All models may be truncated by the program user. Up to 15 terms
may be estimated or modified through the station constants. The
built-in models are updated as improved models become available.




4. Up to 15 of the constants associated with free fall (drag, lift,
cross-sectional area, geopotential coefficients, etc.) may be
estimated or have theira priori variances propagated into the

GDOPs  on one computer run.

5. The Cowell Method, using a Gauss-Jackson with automatic step
size selection, is used in orbital integration. The integration
is eighth order.

6. 'The built-in atmospheric model is the Patrick reference below
30 km., U.S. Standard (1962) Model between 30 km and 120 km,
and a modified Jacchia 1964 (Dynamic) model above 120 km.
Atmosphere models may also be read in through the station con-
stants either as card-by-card samples (standard weather deck)
or as polynomials. Wind speed and wind direction profiles may
also be entered.

/. Extraterrestrial potential (lunar, solar and planetary) and

solar radiation pressure may be applied to all objects. .

8. Initial conditions (initial position and velocity vector) used
as input may be of 10 different types.

9. A self-start capability allows initial conditions to be computed
from two position vectors.

10. Six types of orbital elements are output options.

f 11. Discontinuities in position and velocity (velocity kicks) may
be entered through the error model coefficients.

12. Trajectories may be constrained to pass through known impact

points or to impact at specified times.

t! F. Number of Parameters and Measurements Al lowed

1. By building up the normal equation coefficients one at a time and
i by making use of the fact that element i, j of the normal equation
| coefficient matrix is zero if parameter i is never in the solution
at the same time or during the same arc as parameter j, the only
limit to the number of measurements instrumentation error model
terms, trajectory coordinates or free-fall initial conditions

which may be estimated during a computer run is the number that
can be defined in the n intervals. e
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Data from one NITE run may be used as input to other NITE runs.

Data may be eliminated from solutions through start-stop time
control by elevation angle cutoffs, or through a missing data
indicator (all bits for the input data tape word).

Data may be generated from either the input or output tra jectories.

Error Model Terms

1.

Any terms whose partial derivatives can be computed externally
and placed on the NITE input tape. Inertial guidance terms,
many of which require numerical integration,have been handled
in this manner. Complex atmospheric models, thrust models and
second-order instrumentation error models may also be handled
in this way.

The following terms are built into the NITE partial derivative
subroutine:

a. Zero sets for all the instrumentations

b. Reinitialization of measurements at specified times. This
allows compensation for shifts in the input measurements in
addition to the original bias.

€. Velocity measurement biases

d. Acceleration measurement biases

€. Rate biases caused by an error in the local frequency reference
f. Polynomials in time for trajectories and all input measurements

g. Scale factor (to compensate for errors in wave length, speed
of light or sound, focal length, etc.)

h. Refraction correction of the range, range sum, range difference.

elevation and ballistic camera plate coordinates
i. Timing biases

J. Transit time corrections

13
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In order to make efficient use of the sparse nature of the error
model normal equation coefficient matrix, the program breaks a
computer run into intervals during which specified error model
terms do not occur simultaneously in the solution with other
terms. This allows the inversion, by partitioning, of a matrix
of an order limited only by the number of intervals. The largest
number of error model terms which can be handled during any
interval is 100. If m specified terms (such as survey and geo-
potential) are in the solution during more than one interval.
100-m additional terms may be estimated in each of the intervals.
The maximum number of terms which can be estimated during a
computer run broken into n intervals would then be min (100-m).
Thus, if each term were in the solution during more than one
interval, the limit for the computer run would be 100 terms.

Three, six or nine (position, position and velocity, position
and velocity, and acceleration) trajectory parameters may be
estimated at each timepoint.

Forty position, 40 velocity and 40 acceleration type
measurements may be used at each time, and in each intervail.
Thus, if there were m times per interval, n intervals and 40
position, 40 velocity and 40 acceleration measuraments

at each time, the total number of measurements for the run
would be 120xnxm.

Other Features

1

The weighting of measurements may be performed in several ways:
a. Weights may be input from tape
h. Weights may be input by station constants

¢. Weights may be computed by the program as functions of error
model terms

d. Any combination of a., b. and c. may be used
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10.

14

12.

A full a priori covariance matrix for the first ten instrumentation
error models may be input.

Long running 7094 computer runs may be interrupted and restarted
at a later time. This is accomplished by saving all information
accumulated up to the time of interruption. The 360/65 version
has been adapted to run from a CRT terminal, where data are
displayed on the CRT during the run. The CYBER/6500 version
can also be run from a terminal.

Dual tracking points may be assumed for range sum and range
difference type measurements.

Tracking points may be switched at specified times. This is
sometimes necessary when different antennas are used after
staging events.

Attitude information necessary in computing tracking point cor-
rections may either be derived from velocity vectors or input
as pitch, roll and yaw from tape. Attitude rate data used in
correcting velocity data may also be input.

Errors in parameter estimates due to unit errors in unmodeled
error coefficients may be computed as an option.

Improved estimates of instrumentation measurement weights may
be computed from residuals as an option.

Both convergence and divergence tolerances are tested in order
to prevent unnecessary calculations.

Partials of residuals with respect to unmodeled errors may be
output.

Residual analysis output includes means, standard deviations

and ranges of residuals.

Reentry data may be output: altitude, mach number, atmospheric
density, coefficients of drag and lift, lift vector angle,

ballistic coefficient, drag and lift accelerations, and reentry
angle.

15




105

14.

153

Ship pitch, roll and heading and their velocities may be input
to correct shipboard or airborne position and velocity measure-

ments.

Ships or aircraft may be constrained to follow either great

circle or rhumb line (constant heading).

Plots of the residuals may be output on printer.

16
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IV. INPUT REQUIREMENTS

The input requirement can be explained by following the structure of the
station constants, which are segmented into groups.

A.

r", N
t

Group 1 - General constants common to all intervals

These are constants for decision logic such as the number of intervals;
outer iteration divergence tolerance; position only, position and

velocity, or position and velocity and acceleration; mode of run (GDOP,
EDIT, SIMULATION or ESTIMATION); output in feet or meters, right

handed or left handed; maximum number of words to read from the input
tape; outer iteration convergence tolerance; number of outer iterations;
moving origin differencing; frequency of printed output; frequency of
input; number of inner iterations; and EDIT tolerances.

Group 2 - Master Coordinate System

This defines the location of the output trajectory, its orientation

and spheroid.

Group 3A - Independent and Adjustable Auxiliary Origins

Up to 10 surveys can be defined in this group by geodetic and
astronomic coordinates.

Group 3B - Survey Covariance Matrices

Survey covariance matrices may be defined for the surveys in Group 3A.

Group 4A - General Free-Fall Constants

This group defines constants (logical and data) for the operation of
the free-fall constraints.

Group 4B - Estimation of Free-Fall Parameters

These are the constants to define up to 15 free-fall parameters to

be estimated, their a priori value and their a priori standard deviation.

17
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Group 5A - Adjustable System Parameters

Similar to 4B, up to 100 adjustable system parameters are defined,
and their a priori values and standard deviations are given. Any
systematic parameters to be used for weights are defined, as are

those parameters that will not be estimated, but whose uncertainties
will be propagated.

Group 5B - Covariance of Parameters

The covariances of up to 10 parameters defined in Group 5A may be
input.

Group 6A - Independent, Nonadjustable Auxiliary Origins

Up to 20 geodetic and astronomic origins may be defined for all types
of systems including inertial systems. Aspect angles relative to i
particular surveys may be called.

Group 6B - Dependent, Nonadjustable Auxiliary Origins

Up to 20 origins may be defined that are related to Group 3A or

Group 6A origins by a fixed cartesian coordinate relationship.

Group 6C - Camera Orientation

Up to 20 ballistic camera orientations may be defined.
Group 6D - Moving Origins

Up to 3 moving origins may be defined. Each may be related to origins
in Groups 34, 6A or 6B. Moving origins may be read in from tape or
generated from initial position and rate data. Attitude (pitch, roll
and yaw) data of ship motion may be read in.

Group 7 - Start and Stop Times

This group controls the time spans of the solution.




Group 8 - Refraction Tables

Up to 10 refraction index tables may be input. A ray tracing technique
is used to apply tropospheric and ionospheric refraction corrections.

Group 9 - Measurement Definitions

Up to 40 measurements (each having position, position and velocity,
position, velocity and acceleration) of the types mentioned in

Section III A may be defined and base line time delays may be
defined.

Group 10 - Measurement Model

Measurement error models of any combination of those listed in
Section III D may be defined. As many as 12 terms may be defined
for each of the 40 measurements provided the total number of
estimable terms is less than 100.

Group 11 - Additional Error

Estimates of additional random error may be defined.

Group 12 - Measurement Tape Words

The locations on the input tape or input cards of the 40 measurements
and their random errors defined in Group 9 are defined in this group.

Group 13 - System Parameter Estimates for this Interval

System parameter estimates and their a priori estimates of error
with identification numbers less than 101 may be estimated or
propagated. Those with identification numbers larger than 100
are not estimated, but the estimates of error may be propagated.

Group 14 - System Control

Control of measurement entry into the solution is available via
time spans and/or minimum elevation cutoff. Scaling of input
measurements is also available.
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U. Group 15 - Tracking Points

Up to 10 tracking point vector pairs may be defined.

V. Group 16 - Initial Approximations

Up to 5 sets of initial approximations may be defined as word positions
| of the input XYZ or AER (position, position and velocity or position
and velocity and acceleration) or right ascension and declination.

Or, any or all of the 5 sets may be sihgle points input on cards.
W. Group 17 - Tracking Point Orientations
Up to 20 sets of missile attitude information may be input to be
used in correcting data for tracking points.
X. Group 18A - Free-Fall Constants the Current Interval
Julian day number, GMT of T-O, free fall start and stop times, initial
cordition data and integration criteria are input. .
Y. Group 18B - Solar Flux and Geomagnetic Index

Tables are entered.

Z1. Group 18C - Drag - Lift Information

Tables of drag and 1lift (up to 300 entries each) may be entered, along
with cross-sectional area, weight and reference time for drag and 1lift
error model polynomials. The tables may be functions of time, alti-
tude or mach number.

Z22. Group 18D - Weather - Atmosphere Data

The built-in atmosphere profile (density and sonic speed as functions
of altitude for the Patrick standard from O to 30 km, and U.S.

1 Standard 1962 from 30 to 700 km) may be called, or any profile of

| speed of sound, density, wind speed and wind velocity may be entered.
These may be entered as sets polynomials in altitude or as tables.
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Group 18E - Gravity Model

Built-in geopotentials may be called or any geopotential model may

be read in on cards. Size limits are order 24 degree 24 for the 70%
version and the 360/65 version, and order 30 degree 30 for the CYBER/
6500 version. The models may be unnormalized, APL normalized or

Kaula normalized. The models may be truncated at specific missile or
trajectory altitudes.

Group 19 - Plot Scales

Printer plots of residuals may be output with selectable scales.
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V. VALIDATION TECHNIQUES

Program Certification

Air Force/RCA policy requires that each production computer program
(any program that processes data Lor external dissemination) must be
certified. The certification procedure requires, among other things,
that the validity of the program results be verified by some means
external to the program such as hand checkpoints or comparison with

a certified program. All production versions of NITE are certified.

Individual Computer Run Validation

The validity of the results of each NITE run is verified by evaluation :
of the following:
1. Convergence. .
Obviously, the results are of no use unless the least squares
iteration process has converged. The "'outer iteration'' is the
name given to that part of the weighted least squares process
that estimates the systematic error model terms (Groups 4B, 5A,
13 and the initial conditions in 18A). The results of each
iteration are printed, i.e., the corrections applied to the
estimates of the previous iteration, and the estimates of the
current iteration. Tne analyst in charge of the run reviews
the magnitude of the corrections and finds the run acceptable
if the magnitudes of the corrections become insignificant relative -
to the magnitude of the current estimate and its uncertainty.

2. The analyst reviews the magnitude of the final systematic error
estimates relative to the a priori and computed systematic error
estimate uncertainties. Outliers are singled out for further

analysis to justify their values. Usually the computed uncertanties

of the estimates is significantly smaller than the a priori
uncertainties, a reflection of the strength of the solution.
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When the results show small or no reductions in uncertainties,

the run requires more analysis to verify the results of these
"weak'' solutions.

The trajectory is the result of a weighted least squares combin-
ation of the data corrected for systematic error model terms in
what is called the "immer' iteration loop. The values of the
computed trajectory are analyzed for reasonableness in the sense
of noise content and, if necessary, comparisons with other esti-
mates of the trajectory (as computed from other single sensors,

or other NITE rums).

The correlation matrix of the systematic error model terms is
reviewed. Values greater than 1 are indicators of matrix inversion
errors which can happen if the matrix is ill conditioned in a weak
solution. High correlations (less than or equal to one) are
acceptable, but are indicators of poor separability among

coefficients.

The magnitudes of the residuals are reviewed. The residual analysis
outputs means, standard deviations, maximums and minimums of the
residuals.

Means of the residuals significantly different than
zero require analysis for the cause:

a) A priori uncertainties of the error model terms may be small
enough to give the a priori value too much weight, preventing
full resolution of the systematic error.

Action: raise i

a priori uncertainty or change che estimate of the systematic

b) The dynamic weighting may be weighting out trended residuals.

f
error term. l
\
i
Action: verify weighting. .
t

c) The systematic error model may be incorrect. Action: review
trends in residuals, find justification for new model from

analysis of system performance.

23
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6. Review the Distribution of the Residuals

This is best accomplished by review of the plots of the residuals.
Ideally, the residual distribution should be random about zero.
Any deviations should be justified by analysis of the weighting
(high random error estimates hence low weights indicate marginal

? system performance, low elevation tracking being contaminated by

refraction errors, multi-path, clutter, etc.), and a review of
the modeling .




VI. A PRIORI INFORMATION

A. Estimates of the uncertainty of error model coefficients are derived
primarily by the Technical Analysis group. Historical statistical
histories are maintained of the results of all BET and satellite
solutions. The error model coefficients and their uncertainties
are evaluated, summarized and the results are produced in a '"Quarterly
Accuracy Report'' (QAR). Uncertainties of any terms not presented by tre
report are derived by the analyst in charge and are based upon the
facts available, such as the expected magnitude of the coefficient,
the strength of the solution, the quality of the measurement and the
information presented by NITE in the partial derivative output.

B. Random Error Estimates

Estimates of random error used in weighting are usually derived from
scaled differences between smoothed and unsmoothed measurements. The
smoothing span of the filter is selected to ensure maximum smoothing
without the removal of missile motion. The scaled differences are
augmented by as much as 5% of the refraction correction, to ensure
that range and elevation are properly weighted to account for residual
refraction, multipath and ground clutter errors. The random error
estimates are monitored to ensure that they are within the range of
past performance of that system as indicated in the Tech Analysis QAR.
Occasionally, a system is used that cannot be smoothed. QAR estimates
are used if availablej if not, estimates are derived from comparisons
with more accurate systems, or by analysis of NITE residuals where '
the system in question is weighted out (provided, of course, that the 11
BET is known to have less noise than the system in question). If !
data are collected while the tracked object is in free fall, and free-

fall constraints are used in NITE, a good estimate of random noise
can be found in the residuals.
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GPSBET PROGRAM DESCRIPTION

Robert W. Mai
US Army Yuma Proving Ground, Yuma, Arizona

ABSTRACT

This paper describes the background for the development of US Army |
Yuma Proving Ground (USAYPG) Best Estimate of Trajectory (BET) program. i
The program is called GPSBET which employs optimal estimation techniques
to combine measurements from several sources and arrive at a single
trajectory estimate. The estimation technique employed is Kalman
filtering and smoothing. The implementation of the filter and
smoothing equations is described in this paper, as well as the ancillary
processing performed to prepare the measurements for filtering. The
input to and output from GPSBET, in addition to the validaticn procedures,
are also described. The performance of GPSBET in terms of accuracy and

computer run time is also documented,




1. HISTORY

In the pre-laser era, YPG used a multistation cinetheodolite system
to obtain data for a Best Estimate of Trajectory. The trajectory was
obtained'from an odle solution (minimizing the sum of squares of dis-
tance residuals), followed by a Davis solution (minimizing the sum of
squares of angular residuals), followed by a second degree moving arc
smoothing routine. In 1973, YPG received a PATS (Precision Aircraft
Tracking System) Laser. Upon comparison of laser derived trajectories
with cinetheodolite derived trajectories, it became apparent that the
laser had the potential for providing position data in a very automated
mode and with accuracy as good as cinetheodolites but dependent only on
distance from the PATS rather than being complicated by geometry. A
software development effort was initiated in the fall of 1973 to comoute
trajectory using some combination of laser and cinetheodolite data.

The software development was based on Kalman filterinq of measurements.
The Kalman filter was ideal for ease of accepting any combination of
range or azimuth or elevation measurements subject only to the restriction
that they come in chronological order. Subsequent analysis of trajectory
data and measurement residuals revealed that the range measurements
from the laser were the strength of any laser/cine solution. YPG then
purchased two additional lasers. Further tests and simulations
demonstrated that cinetheodolite data contributes little or nothing to
the accuracy of a 3~laser solution and was very expensive to acquire
and reduce and it slowed data turnaround tremendously.

In mid-1974, the Aerospace Corporation, in support of the NAVSTAR

Global Positioning Sy<tem, helped YPG with the development of Kalman
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filter equations including the incorporation of INS (Inertial Navigation
System) and IMU (Inertial Measurement Unit) data. INS data consists of
sensed velocities in three components and IMU data consists of gimbal
angles which reflect the pitch, roll and yaw of an aircraft. The purpose
of INS measurements was to lower the uncertainty in velocity estimates.
The purpose of the IMU measurements was to improve lever arm corrections
by providing accurate attitude information.
2. TERMINOLOGY

YPG's Best Estimate of Trajectory program is called GPSBET. The
estimation is accomplished using Kalman filter equations and the Rauch-
Tung-Striebel recursive smoothing equations. It is appropriate therefore
to define the components of the state vector which are estimated by the
Kalman filter/smoother. The state vector consists of X, Y, Z components
of position, velocity and acceleration plus a bias state for each
measurement type from each instrument. For a 3-laser solution, the

state vector has 18 components:

1 X Position

2 Y Position

3 z Position

4 X Velocity

5 Y Velocity

6 Z Velocity

7 X Acceleration
8 ¥ Acceleration
9 i Acceleration
10 Range bias Laser 1
11 Azimuth bias Laser 1
12 Eievation bias Laser 1
13 Range bias Laser 2
14 Azimuth bias Laser 2
15 Elevation bias Laser 2
16 Range bias Laser 3
17 Azimuth bias Laser 3
18 Elevation bias Laser 3

When INS/IMU measurements are used then 6 more bias states are added:




-

19 Orientation bias East axis
20 Orientation bias North axis
21 Orientation bias Vertical axis
22 Velocity bias East axis
23 Velocity bias North axis
23 Velocity bias Vertical axis

The state vector estimates of position, velocity and acceleration
are in a right handed cartesian coordinate system with origin at a
specific point on the ground at YPG. The bias estimates for each laser
are in a spherical coordinate system centered at the respective lasers
with zero azimuth being True North at each laser and zero elevation
being horizontal at each laser. The orientation biases are relative to
the gyro wander angle reference frame as are the velocity bias estimates.

3. ANCILLARY PROCESSING

The purpose of trajectory estimation at YPG is generally to provide
a position, velocity and acceleration time history for a particular point
on a particular target in a standard coordinate system. Therefore, a
trajectory estimation program must include modules for atmospheric cor-
rections, systematic error correction, coordinate conversion, and lever
arm corrections, in addition to the noise reduction and state vector
estimation algorithms. Also, the actual measurements going into a BET
program are never perfect and the imperfections are not time stationary
so that a considerable amount of checking for wild points and for changes
in noise distribution must be done. Sections 3.1 through 3.7 discuss
some of the special data handling and evaluation procedures that are
included in GPSBET to help ensure that the Kalman filter parameters
adequately describe the data being filtered.
3.1 ATMOSPHERIC CORRECTIONS

GPSBET corrects all laser range and elevation measurements for
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atmospheric refraction. The model currently being used is a two param-
eter model where the parameters are computed from RAWINDSONDE data
obtained generally within two hours of the time for which a trajectory
estimate'is desired. The mode! assumes a constant temperature lapse
rate so that when a target is located in or near a low level temperature

inversion, significant errors can result (where significant means any-

thing over .5 meter).
3.2 TRACKING SYSTEM ERRORS

The laser measurements are corrected for:

Range bias - Ry
Range scale factor - R¢
Azimuth bias - Ay
Elevation bias - &
North tilt - NI
East tilt - ET
Collimation - CpL

These corrections are made by computing coefficients during calibration.

Calibration includes collecting at least 400 measurements from each

laser as each lases on eight targets at 45° increments around each laser.

The equations for correcting measurements (Rym, Am, Em) to
(Re, Ac, Ec) are:

1 Re

i

Rm + Rs * Rm + Rp

Ec = Em + Ep
] Ac = Ag + A + sin” ! [sin (COL
cos
3] Ec = sin"1 [sin (Ec) * cos (COLE]

Mislevel of eachlaser is accounted for by rotation of the predicted
state X, Y, Z from the common cartesian coordinate system to the laser
misieveled system (which includes earth's curvature from the selected
origin to the laser sites). This is a convenient and precise method of

obtaining azimuth and elevation predictions, Ap and Ep, which are in the
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same reference system as the AC and Ec computed in [2] and [é].
Other sources of tracking system errors have been investigated.

Encoder eccentricity errors are observable and although they are small,
will be.included in the BET when the calibration software has been
modified to compute coefficients. Lens sag is negligable for the

YPG lasers. Servo lag is negligable as long as mount acceleration is
significantly less than 80 milliradians/sec2 (which is generally the
case for aircraft tracking). GPSBET does estimate range, azimuth and
elevation rates and accelerations which can be used to model servo

response. The model appropriate for YPG's lasers is:

R R SR S
where
L = Angular lag
K = Constant dependent upon gain of servo system

A = Angular acceleration experienced by the mount

3.3 EARTH'S CURVATURE CORRECTIONS

GPSBET produces state vector estimates in a cartesian coordinate
system with origin at input létitude, longitude and altitude. The
geodetic coordinates of the origin, as well as the tracking instruments,
are input relative to a reference ellipsoid whose parameters can be varied.
The model of the éarth used is Clarke's Spheroid of 1866 with the WGS
72 Datum. At each measurement time, the estimate for the state vector
at that time is corrected for earth's curvature by rotating the X, Y, Z
through the difference in latitude and longitude from the input origin
to the instrument location (plus the mislevel of the instrument). The

rotated X, Y, Z can then be transformed to spherical coordinates (range,
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azimuth, elevation) and compared with the measurements (which have been
corrected for tracking system errors as described in 3.2). The Kalman
filter uses the difference between predictions and measurements (called
residuals) to update state vector and covariance matrix estimates and
to make edit checks.
3.4 ATTITUDE ESTIMATION AND LEVER ARM CORRECTIONS

Range instrumentation can not usually provide measurements of
the position or velecity of the particular point on a target for which
3 reference trajectory is required. In the case of laser trackers, a
retroreflector package must be installed on the target and the location
of that package cannot coincide with the desired reference point. For
radar, the same situation exists for beacon tracking. In the case of
cinetheodolite tracking, the desired reference point is not always
identifiable on film. When very accurate position and velocity informa-
tion is required for a particluar point on a target (such as an antenna
or the center of gimbais in a gyro package), then corrections must be
made to allow for the separation of the instrumentation reference point
and the desired reference point. On aircraft, the separation may be
on the order of 10 meters. When .5 meter accuracy is required, then
10 meter separation of reference points must be carefully removed. This
is done in GPSBET by continuallyupdatingestimates of the attitude
matrix. The attitude matrix is a rotation matrix to go from the aircraft
body coordinate system to the reference cartesian coordinate system.
It includes pitch, roll, yaw information about the aircraft plus earth's
curvature from the aircraft to the origin of the reference cartesian

system.




- To accomplish lever arm corrections, the following vectors and I
matrices must be computed or input: &
M = Rotation matrix to correct for Earth's curvature from the ’
- origin of the reference cartesian system to a cartesian system .
with aircraft as origin. :
li
MT = Matrix transpose of M. ﬁ
i
PRY = Rotation matrix to correct from pitched, rolled and yawed |
aircraft body coordinate system to locally horizontal
XY-plane (Z up) at the aircraft. !
A = Attitude matrix to express rotation from aircraft body
coordinate system to reference cartesian system.
XLEV] = Vector containing distances in aircraft body coordinate system
YLEV from desired reference point to instrumentation reference 1
ZLEV point. i

X

Y

z
XI

e Yl
1

To incorporate a measurement from a particular instrument, GPSBET does

the following for lever arm correction:

where

and

Kalman filter estimates of position of desired reference point
on aircraft.

Position of instrumentation reference point on the aircraft.

X1 X
YI A b Y
1 l

1

sPHIsDL cPHICPH + sPHIcDLsPH cPHIsPH - sPHIcDLcPH

cDL sDLsPH -SDLcPH

cPHISDL  sPHIcPH - cPHIcDLsPH SPHISPH + cPHIcDLcPH_J
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cBcP ~-cBsPsR + sBcR -cBsPcR - sBsR

PRY = -sBcP sBsPsR + ¢BcR sBsPcR - cBsR
sP cPsR cPcR

sXXX - sin of the angle XXX

cXXX - cos of the angle XXX

DL - difference‘in longitude of aircraft and origin

PH - Latitude of origin

PHI - Jatitude of aircraft

P - pitch of aircraft

R - roll of aircraft

B ~ heading of aircraft with respect to True North

The pitch, roll and heading of the aircraft are obtained from gimbal
angle measurements when available. Otherwise, velocity and acceleration
estimates are used to estimate pitch, roll and heading.

The attitude matrix, A, computed at each measurement time is an
important part of the output of GPSBET. It can be used to determine the
position, velocity, acceleration of a point on the aircraft other than
that estimated by the state vector.

3.5 RETROREFLECTOR IDENTIFICATION

The NAVSTAR Global Positioning System project is currently the

principal user of YPG's laser tracking instrumentation and the GPSBET

program. For GPS testing, two retroreflector packages are mounted on some

aircraft (e.q., C-141 and F-4). The purpose is to eliminate blockage of
retroreflectors by the wings, fuselage, etc. This results in virtually
complete coverage from three laser trackers throughout all maneuvers, ﬁ

Since the retros are separated by 5-10 meters from each other, the 4
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GPSBET program needs an algorithm to decide which retro is being tracked
by a given laser so that the appropriate lever arm corrections might be
applied. The alogrithm being employed involves éomputing the look angle
from a given laser to the axis of each retroreflector package. The retro
packages used are hemispherical and have been mounted on the top, pointing
up, and the bottom, pointing down, of an aircraft. The retro whose axis
makes the smallest angle with the line of sight to a given laser is the
retro identified as the most likely source for returning the light to the
laser and lever arm corrections are made from the reference point chosen
for the state vector to the selected retro.

The use of two retroreflector packages does solve the blockage
problem (i.e., all lasers almost always have line of sight to one retro
or the other), but causes degradation of accuracy since the identification
is imperfect and lasers can get light returned from both retro packages
at the same time. The identification scheme is very sensitive to errors
in the estimated roll of the aircraft and this gives rise to the erroneous
jdentification of retro switches which in turn puts noise on velocity
and acceleration estimates.

3.6 EDITING AND REINITIALIZATION

The GPSBET program accomplishes editing by checking the magnitude
of measurement residuals prior to the incorporation of the measurement
into the filter. The procedure includes the following steps:

1. Compute the difference between the measurement and the filter's
prediction for the measurement (this difference is called the measure-
ment residual and is computed as described in 3.3).

2. Compute the expected variance of the residual by adding the
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variance in the prediction (computed from the covariance matrix of the
state vector) to the variance of the measurement noise (a priori
information required as input to GPSBEY).

3. Divide the residual by the uncertainty in the residual (the
square root of the variance described in 2.).

4. If the residual is more than N times the uncertainty in the
residual (where N is an input constant, usually set to 5) then the
measurement is not included, otnerwise the Kalman filter equations are
executed to correct the predicted state vector and covariance matrix
estimates.

5. If editing has occurred, then counters are incremented for:

total number of edits of measurements of this type

number of consecutive edits of measurements of this type

number of consecutive edits of measurements from this instrument.

The edit counters described in 5. are checked throughout the
filtering of data and when input 1imits are exceeded, some action is
taken, e.g,

- the filter is reinitialized when at least two of the three types
of measurements from all lasers have ODeen edited for an input number of
secands

- the filter is reinitialized when at least two of the three
measurement types have been edited for an input number of consecutive
measurement times for a given laser

- the filter is reinitialized when a given measurement is edited
consecutively more often than an input limit

- printing of edit messages is stopped when an input limit is reached.
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Reinitialization is accomplished by converting the range, azimuth,
elevation data to X, Y, Z in the common cartesian system for each of
the lasers. When three consecutive second differences are within an
input Eriterion for X, Y and Z of a given laser, then a second degree
fit is made to those five X coordinates, five Y coordinates and five Z
coordinates. The polynomial and its derivatives are evaluated at the
time of the first measurement in the fit. This provides X, Y, Z, X, Y,
i, Y. V. and Z which are used as initial state vector components for
the Kalman filter. The covariance matrix is reinitialized to the same
values that were input at the beginning of the estimation. This scheme
for reinitializing the filter is usually used to get initial state
vector estimates at the beginning of the trajectory estimation.

An eleven-point fit is an option for initialization and reini-
tialization, but is rarely required; since the Kalman filter initial-
ization transients dampen before highlv accurate estimates are required.
In most case;,the initial uncertainties in the state vector are input
as large numbers (e.g., 1000 meters, 500 meter/sec, 100 meters/sec/
sec for position, velocity, acceleration components) so that the
Kalman filter will accept measurements even though the initialization
was not very good.

3.7 RESIDUALS SUMMARIES

Probably the most important output from the GPSBET program from
an analytical standpoint, (i.e.,the output that provides the best
measure of filter performance, measurement quality and quantity and

accuracy of a priori information) are residuals summary reports.
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These summaries are output at a rate determined by input parameters

and can be selected to come at a particular time interval or after

a certain number of measurements have been received, After a set of
measurements has been processed for a given instrument (e.g., range,
azimuth, elevation from laser 1), the estimates for X,Y,Z are translated
to the appropriate instrument, corrected for earth's curvature,
corrected to the instruments misleveled state, converted to spherical
coordinates and differenced with the calibrated measurements to form
residuals. Only for those measurements not edited are the residuals

tabulated. The tabulated residuals are summed, their squares are

summed and the number of unedited measurements of each type is counted.

At requested intervals the mean of the residuals, RMS of the residuals
and number of measurements used since the last report is printed
for each measurement type for each instrument. The number of measure-
ments used since the last report tells how much editing and data
dropouts were occurring. The RMS of residuals is an excellent measure
of the noise on the measurements and is used to validate the a priori
information. The mean of residuals should be near zero, but when it
isn't points to problems such as erronecus calibrations, misidenti-
fication of retros, lack of sufficient filter response to process
noise, inconsistent measurement sources, etc.
4. KALMAN FILTER

The program GPSBET uses Kaiman filter equations to derive a
trajectory estimate at each time for which a measurement is made

availablie. Section 4.1 explains the notational conventions to be




used in 4.2 to describe the input parameters controlling the behavior

of the Kalman filter and in 4.3 to outline the implementation of the
Kalman filter equations in GPSBET.
4.1 NOTATION
Capitol letters (e.g.,A,M,X) will be used to represent matrices.
Sometimes these matrices have only one column or one row, in which case
they will be referred to as vectors,but ho notational’distinction will be
made. Time will be denoted by t, and t, refers to the nth time in a
sequence. at will refer to a time interval from some time tm to
another time t, where the order of the subtraction will be made clear
in the text. When a capital letter is subscripted such as X, this
will refer to the estimate of X at time t . A vector (matrix) symbol
with a carrot over it (e.g, ?n,Bg) refers to a predicted value for the
vector (matrix) at time t,. In all equations,the symbol * refers to
multiplication. Lower-case letters (e.g.,a,b.n,j) refer to scalars.
The lower case letters i,j,k,1,m,n are reserved for integer scalars.
The scalars X,y,z,X,y,Z,X,y,Z are reserved for the position,
velocity, acceleration components in a particular state vector estimate.
The notation bxX refers to multiplication of a scalar and a
matrix (in particular, at * Q is the multinlication of the matrix
Q by the scalar at which is a time interval). Multiplication,
addition and subtraction in matrix equations implies that the number

of rows and columns in each matrix allows such operations. The

notation HT refers to the transpose of the matrix H.




X, - Kalman filter estimate for the state vector after incorporation

of measurements from a given instrument at time t, (the first 9
components are X,¥,Z,X,Y,Z,X,¥,z)

Pp - Kalman filter estimate for the covariance matrix of the state
vector X, (the diagonal of P, contains the estimates of the variance
of the components of the state vector)

Sn,n+] - Transformation matrix to estimate a value for Xp41 at time
th+ given X, and at=tp41-ty

Qn,] - Prediction of Xp+) given X, and At=tps]-ty

?n+] = Span+l ¥ Xp
Q - Effect of process noise on covariance matrix P per unit of time
Qnﬂ - Prediction of Ppyy given Py anddt= tpy - t,
snﬂ = Spn, n+1 * (Pn +4t * Q) 5;. n+l
@, - Measurement taken at time tp
Gn - Prediction of &n given Qn

An - Transformation matrix to go from state vector domain to measure-

ment domain
A A
gn = An * xn

NOTE: 1In GPSBET, this transformation is accomplished with the trigono-
metric/algebraic relationships between cartesian coordinates
(X, Y, Z) and spherical coordinates (range, azimuth, elevation).
The transformation of state vector uncertainties to uncertainties
in 8y are estimated by H, * 3} = H; where Hp is described below.

Hy - Partial derivatives of measurement to be incorporated at time

th (i.e., Bp) with respect to the state vector:
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L K, - Gain vector for Kalman filter computed for incorporating the ;
measurem